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Exponential Series Defined by Sequences and

Their Connection with the Riemann Zeta Func-

tion

Abstract: We study exponential series associated with real sequences,

χcn(s) =
∞∑
n=1

e−scn ,

where (cn)n∈N is a sequence of real numbers and s ∈ C.
We establish convergence criteria for these series in terms of the asymp-

totic parameter

L = lim
n→∞

lnn

cn
,

showing that L determines the convergence threshold of χcn(s).
When 0 < L < ∞, we prove that the corresponding exponential series is

asymptotically governed by the scaled Riemann zeta function

ζL(s) = ζ
( s

L

)
.

More precisely, after modifying finitely many terms if necessary, χcn(s) can
be sandwiched between arbitrarily close scaled zeta functions and can appro-
ximate ζL(s) arbitrarily well in the region ℜ(s) > L.

We derive alternative integral representations for scaled zeta functions
and study special families of exponential series, including the case cn = np.
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