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The laminated beam model

The laminated beam model was derived from Timoshenko beam theory [11] by S.
Hansen and R. Spies [4]. It is a model of two coupled Timoshenko beams given by:

ρwtt + G(ψ − wx )x = 0 in (0, L) × R+,
Iρ (3Stt − ψtt) − D(3Sxx − ψxx ) − G(ψ − wx ) = 0 in (0, L) × R+,

3IρStt − 3DSxx + 3G(ψ − wx ) + 4δ0S + 4γ0St = 0 in (0, L) × R+,
(1)

where L represents the length of the beams, and the subscripts x and t represent the
partial derivatives with respect to the spatial and temporal variables, respectively. The
model describes the dynamics of a two-layer beam bonded together by an intermediate
adhesive layer of negligible mass and thickness, which, therefore, does not contribute
to the system’s kinetic energy. According to the model, the adhesive layer produces a
restoring force proportional to the amount of slip.

S. W. Hansen and R. Spies, Structural damping in a laminated beams
due to interfacial slip, J. Sound Vibration, 204, 183–202, (1997).

DOI: 10.1006/jsvi.1996.0913.
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The first two equations in (1) come from Timoshenko’s theory [11], while the third
describes the interaction dynamics between the two layers. It contains a term
representing internal frictional damping, commonly known as structural damping.
In (1), w (x , t) and ψ (x , t) represent the transverse displacement and the angle of
rotation, respectively. In addition, S (x , t) is proportional to the amount of slip along
the interface at time t and the longitudinal spatial variable x . The positive parameters
ρ, G, Iρ, D, δ0, and γ0 represent the density, shear stiffness, mass moment of inertia,
flexural rigidity, adhesive stiffness, and the adhesive structural damping parameter,
respectively.
If we change the variables s = −3S, ξ = 3S − ψ, ρ1 = ρ, ρ2 = Iρ, k = G,
b = D, 3γ = 4δ0, 3β = 4γ0, then the system (1) becomes

ρ1wtt − k (wx + ξ + s)x = 0 in (0, L) × R+,
ρ2ξtt − bξxx + k (wx + ξ + s) = 0 in (0, L) × R+,

ρ2stt − bsxx + 3k (wx + ξ + s) + γs + βst = 0 in (0, L) × R+.
(2)

Timoshenko, S., On the correction for shear of the differential
equation for transverse vibrations of prismatic bars, Philosophical

Magazine, 41, 744–746, (1921). DOI: 10.1080/14786442108636264.
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Stability results

In 2005, Wang et al. proved the exponential stability for system (2) with boundary
conditions {

w(0, t) = ξ(0, t) = s(0, t) = 0, t > 0
k1wt(L, t) + wx (L, t) + ξ(L, t) + s(L, t) = 0, t > 0
k2ξt(L, t) + ξx (L, t) = 0, sx (L, t) = 0, t > 0,

(3)

Wang, SM., Xu, GQ., Yung, SP., Exponential Stabilization of
Laminated Beams with Structural Damping and Boundary Feedback
Controls, SIAM J. Control Optim., 44(5), 1575–1597, (2005). DOI:

10.1137/040610003.

On the other hand, if frictional dissipations are considered in the system (2) (i. e.,
µ1wt and µ2ξt in (2)1 and (2)2, respectively), Raposo proves the exponential decay of
the system.

Raposo, C. A., Exponential stability for a structure with interfacial
slip and frictional damping, Appl. Math. Lett., 53, 85–91, (2016).

DOI: 10.1016/j.aml.2015.10.005.
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Let us consider the laminated beam system with Kelvin-Voigt damping (i. e.,
−µ1wxxt , −µ2ξxxt and −µ3sxxt in (2)1, (2)2 and (2)3, respectively), Ramos et al.,
proved that the fully damped system is analytic, while if µ1 = 0, the partially damped
system does not have exponential stability.

Ramos, A. J. A., Freitas, M. M., Cabanillas, V. R., Dos Santos, M. J.,
& Raposo, C. A., Stability Results for a Laminated Beam with
Kelvin–Voigt Damping, Bulletin of the Malaysian Mathematical

Sciences Society, 46, 152, (2023). DOI: 10.1007/s40840-023-01550-x.

On the whole space R under the effect of Kelvin-Voigt dampings, we obtain
exponential and polynomial decay estimates for the solution of the system and its
higher-order derivatives. The polynomial decay rates obtained depend on the
regularity of the initial data and vary according to the position of the damping terms.

G.J. Bautista, V.R. Cabanillas, L. Potenciano-Machado, T. Quispe
Méndez Decay rates of strongly damped infinite laminated beams , J.

Math. Anal. Appl, 536, 128229, (2024). DOI:
10.1016/j.jmaa.2024.128229.
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So, in context, we are interested in the control properties of the Laminated beam
models (2) subject to a class of homogeneous dynamic Venttsel1 type boundary
conditions and prescribed initial data, namely

ρ1wtt − k (wx + ξ + s)x = 0, x ∈ (0, L), t > 0
ρ2ξtt − bξxx + k (wx + ξ + s) = 0, x ∈ (0, L), t > 0
ρ2stt − bsxx + 3k (wx + ξ + s) + γs = 0, x ∈ (0, L), t > 0
w(0, t) = ξ(0, t) = s(0, t) = 0, t > 0
wtt(L, t) + wx (L, t) + ξ(L, t) + s(L, t) = u1(t), t > 0
ξtt(L, t) + ξx (L, t) = u2(t), t > 0
stt(L, t) + sx (L, t) = u3(t), t > 0
(w , ξ, s) (x , 0) = (w0, ξ0, s0) (x), x ∈ (0, L)
(wt , ξt , st) (x , 0) = (w1, ξ1, s1) (x) , x ∈ (0, L).

(4)

1The name of Alexander Ventcel is often spelled in various ways, such as Wentzell. We refer to the work [12],
where this type of boundary condition was first introduced.
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To be precise, this work aims to determine whether suitable boundary controls u1(t),
u2(t), and u3(t) applied at the boundary of the beam can steer the system’s solutions
to exhibit prescribed behaviors. This inquiry touches on a central problem in control
theory:

Given T > 0 and initial states (w0,w1, ξ0, ξ1, s0, s1) within a specified function space,
can we determine a control inputs u1, u2 and u3 such that the system (4) admits a
solution (w , ξ, s) satisfying the initial conditions{

(w , ξ, s) (x , 0) = (w0, ξ0, s0) (x), x ∈ (0, L)
(wt , ξt , st) (x , 0) = (w1, ξ1, s1) (x), x ∈ (0, L),

and the terminal conditions{
(w , ξ, s) (x ,T ) = (0, 0, 0), x ∈ (0, L)
(wt , ξt , st) (x ,T ) = (0, 0, 0), x ∈ (0, L)?

If, given an arbitrary time T > 0, one can always find a control inputs to drive the
system described by (4) from any given initial state to the equilibrium state, then the
system is said to be null controllable or controllable to zero.

George José Bautista Sánchez On the boundary controllability of laminated Timoshenko beams
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Global well-posedness

In this section, we present the well-posedness results necessary for studying the control
system (4). We provide results for both the homogeneous and nonhomogeneous cases.

The homogeneous system

Let us first consider the homogeneous system

ρ1wtt − k (wx + ξ + s)x = 0, x ∈ (0, L), t > 0,
ρ2ξtt − bξxx + k (wx + ξ + s) = 0, x ∈ (0, L), t > 0,
ρ2stt − bsxx + 3k (wx + ξ + s) + γs = 0, x ∈ (0, L), t > 0,
w(0, t) = ξ(0, t) = s(0, t) = 0, t > 0,
wtt(L, t) + wx (L, t) + ξ(L, t) + s(L, t) = 0, t > 0,
ξtt(L, t) + ξx (L, t) = 0, t > 0,
stt(L, t) + sx (L, t) = 0, t > 0,
(w , ξ, s) (x , 0) = (w0, ξ0, s0) (x), x ∈ (0, L),
(wt , ξt , st) (x , 0) = (w1, ξ1, s1) (x) , x ∈ (0, L).

(5)
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We introduce the new variables

Ψ1 = wt , Ψ2 = ξt , Ψ3 = st , Ψ4(·) = Ψ1(L, ·), Ψ5(·) = Ψ2(L, ·), Ψ6(·) = Ψ3(L, ·),

and define the vector functions
U = (w , Ψ1, ξ, Ψ2, s, Ψ3, Ψ4, Ψ5, Ψ6)⊤ and U0 = (w0, w1, ξ0, ξ1, s0, s1, Ψ4(0), Ψ5(0), Ψ6(0))⊤

.

Then, the system (5) can be written as an abstract evolution equation{
Ut = AU
U(0) = U0,

(6)

where the operator A is defined by

AU :=



Ψ1
1
ρ1

[k(wx + ξ + s)x ]

Ψ2
1
ρ2

[bξxx − k(wx + ξ + s)]

Ψ3
1
ρ2

[bsxx − 3k(wx + ξ + s) − γs]

−(wx (L) + ξ(L) + s(L))
−ξx (L)
−sx (L)


. (7)

George José Bautista Sánchez On the boundary controllability of laminated Timoshenko beams
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To define the phase space H, we consider the Lebesgue space L2(0, L) with the usual
inner product ⟨·, ·⟩ and norm ∥ · ∥. We will also use the following Hilbert space

H1
∗(0, L) =

{
w ∈ H1(0, L); w(0) = 0

}
.

Then, we define the phase space as

H =
[
H1

∗(0, L) × L2(0, L)
]3

× R3

endowed with the inner product〈
U,U♯

〉
H

=3ρ1
〈

Ψ1,Ψ♯
1
〉

+ 3ρ2
〈

Ψ2,Ψ♯
2
〉

+ ρ2
〈

Ψ3,Ψ♯
3
〉

+ 3b
〈
ξx , ξ

♯
x
〉

+ b
〈

sx , s♯
x
〉

+ γ
〈

s, s♯
〉

+ 3k
〈

wx + ξ + s,w♯
x + ξ♯ + s♯

〉
+ 3k

(
Ψ4,Ψ♯

4
)
R

+ 3b
(

Ψ5,Ψ♯
5
)
R

+ b
(

Ψ6,Ψ♯
6
)
R

and induced norm
∥U∥2

H =3ρ1∥Ψ1∥2 + 3ρ2∥Ψ2∥2 + ρ2∥Ψ3∥2 + 3b ∥ξx ∥2 + b ∥sx ∥2 + γ ∥s∥2 + 3k ∥wx + ξ + s∥2

+ 3k |Ψ4|2
R + 3b |Ψ5|2

R + b |Ψ6|2
R ,

for U = (w , Ψ1, ξ, Ψ2, s, Ψ3, Ψ4, Ψ5, Ψ6)⊤, U♯ = (w♯, Ψ♯
1 , ξ♯, Ψ♯

2 , s♯, Ψ♯
3 , Ψ♯

4 , Ψ♯
5 , Ψ♯

6)⊤ ∈ H.
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So, the operator A : D (A) ⊂ H → H defined by (7) has domain given by

D(A) =


U =(w ,Ψ1, ξ,Ψ2, s,Ψ3,Ψ4,Ψ5,Ψ6)⊤ ∈ H; (ω, ξ, s) ∈

[
H2(0, L) ∩ H1

∗(0, L)
]3
,

(Ψ1,Ψ2,Ψ3) ∈
[
H1

∗(0, L)
]3
,Ψ4 = Ψ1(L), Ψ5 = Ψ2(L), Ψ6 = Ψ3(L),

(wx (L), ξx (L), sx (L)) ∈ R3.


Taking into account the spaces defined in the introduction and denoting by ρ(A) the
resolvent set of the operator A. The following result ensures the invertibility of the
operator A.

Lemma 2.1

(Bautista, Capistrano–Filho and Límaco, submitted to ZAMM-Zeitschrift fur
Angewandte Mathematik und Mechanik)
Let H and (A,D (A)) be defined as before. Then, 0 ∈ ρ(A). Moreover, A−1 is
compact.

George José Bautista Sánchez On the boundary controllability of laminated Timoshenko beams
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The next result ensures that A generates a group. The result can be read as follows.

Theorem 2.1

(Bautista, Capistrano–Filho and Límaco, submitted to ZAMM-Zeitschrift fur
Angewandte Mathematik und Mechanik)
The operator (A,D (A)) is an infinitesimal generator of a group of isometries
{S(t)}t∈R in H.

As a direct consequence of Lemma 2.1 and Theorem 2.1, and by applying semigroup
theory for evolution equations2, we obtain the following existence and uniqueness
result.

Theorem 2.2

(Bautista, Capistrano–Filho and Límaco, submitted to ZAMM-Zeitschrift fur
Angewandte Mathematik und Mechanik)
For any U0 ∈ D (A), there exists a unique solution U of the system (6) such that

U ∈ C ([0,∞); D (A)) ∩ C1 ([0,∞); H) .

Moreover, for any t > 0, we have that

∥U(t)∥2
H = ∥U0∥2

H. (8)

2See, for instance, [9].
George José Bautista Sánchez On the boundary controllability of laminated Timoshenko beams
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The nonhomogeneous system

In this subsection, we focus on the full system (4). We begin with the following result:

Theorem 2.3

(Bautista, Capistrano–Filho and Límaco, submitted to ZAMM-Zeitschrift fur Angewandte
Mathematik und Mechanik)
For any U0 ∈ D (A) and ui ∈ C∞

0 (0, ∞), for i = 1, 2, 3, system (4) has a unique solution
U ∈ C ([0, ∞); D (A)) ∩ C1 ([0, ∞); H) .

Sketch of proof

Let ϕ1 ∈ C∞ [0, L] be a cut-off function, such that ϕ1(0) = ϕ1(L) = 0 and ϕ′
1(L) = −1. If we

consider the change of functions(
z
η
φ

)
=

(
w
ξ
s

)
−

( w̃
ξ̃
s̃

)
+

(
u1(t)ϕ1(x)
u2(t)ϕ1(x)
u3(t)ϕ1(x)

)
, (9)

where
(

w̃ , ξ̃, s̃
)

is the unique solution of the system (5) and (z, η, φ) solves the problem{
Wt + AW = K
W (0) = 0,

George José Bautista Sánchez On the boundary controllability of laminated Timoshenko beams
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where {
W = (z, zt , η, ηt , φ, φt , zt(L,T ), ηt(L, t), φt(L, t))⊤, and
K =

(
0, F

ρ1
, 0, G

ρ2
, 0, H

ρ2
, 0, 0, 0

)⊤
∈

[
C1([0,∞] × [0, L])

]9
,

with
F (t, x) = ρ1u(2)

1 (t)ϕ1(x) − k
[

u1(t)ϕ(2)
1 (x) + (u2(t) + u3(t)) ϕ′

1(x)
]

,

G(t, x) = ρ2u(2)
2 (t)ϕ2(x) − bu2(t)ϕ(2)

2 (x) + k
[

u1(t)ϕ′
1(x) + (u2(t) + u3(t)) ϕ1(x)

]
H(t, x) = ρ2u(2)

3 (t)ϕ3(x) − bu3(t)ϕ(2)
3 (x) + 3k

[
u1(t)ϕ′

1(x) + (u2(t) + u3(t)) ϕ1(x)
]

+γu3(t)ϕ1(x),

Since A generates a group of isometries in H, we have that system above has a unique solution
W ∈ C ([0, ∞); H) . Then, returning to (9) we conclude the proof. □

Using the previous well-posedness results we will study solutions of the system (4) in
the sense of transposition:

George José Bautista Sánchez On the boundary controllability of laminated Timoshenko beams
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Solution by transposition

Definition 2.1

Given T > 0, U0 ∈ H′, (h1, h2, h3) ∈
(

L2
(

0,T ;
(

H1
∗(0, L)

)∗))3
and ui ∈ L2(0,T ), for

i = 1, 2, 3, let us consider the non-homogeneous system given by

ρ1wtt − k (wx + ξ + s)x = h1, x ∈ (0, L), t ∈ (0,T ),
ρ2ξtt − bξxx + k (wx + ξ + s) = h2, x ∈ (0, L), t ∈ (0,T ),
ρ2stt − bsxx + 3k (wx + ξ + s) + γs = h3, x ∈ (0, L), t ∈ (0,T ),
w(0, t) = ξ(0, t) = s(0, t) = 0, t ∈ (0,T ),
wtt(L, t) + wx (L, t) + ξ(L, t) + s(L, t) = u1(t), t ∈ (0,T ),
ξtt(L, t) + ξx (L, t) = u2(t), t ∈ (0,T ),
stt(L, t) + sx (L, t) = u3(t), t ∈ (0,T ),
(w , ξ, s) (x , 0) = (w0, ξ0, s0) (x), x ∈ (0, L)
(wt , ξt , st) (x , 0) = (w1, ξ1, s1) (x) , x ∈ (0, L).

(10)
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A vector function

U = (w ,wt , ξ, ξt , s, st ,wt(L), ξt(L), st(L))⊤ ∈ C([0,T ]; D (A)),

is said to be a solution by transposition to (10) if the following identity holds

〈


3ρ1wt (·, τ)
−3ρ1w(·, τ)
3ρ2ξt (·, τ)
−3ρ2ξ(·, τ)

ρ2st (·, τ)
−ρ2s(·, τ)

−3kw(L, τ)
−3bξ(L, τ)
−bs(L, τ)

 ,



χτ
0

χτ
1

ητ
0

ητ
1

Θτ
0

Θτ
1

χt (L, τ)
ηt (L, τ)
Θt (L, τ)


〉

=

〈


3ρ1w1
−3ρ1w0
3ρ2ξ1

−3ρ2ξ0
ρ2s1

−ρ2s0
−3kw(L, 0)
−3bξ(L, 0)
−bs(L, 0)

 ,



χ(0)
χt (0)
η(0)
ηt (0)
Θ(0)
Θt (0)

χt (L, 0)
ηt (L, 0)
Θt (L, 0)


〉

(11)

+

∫ τ

0

⟨(3h1(t), 3h2(t, h3(t))) , (χ(t), η(t), Θ(t))⟩[(H1
∗(0,L))∗

,H1
∗(0,L)]3 dxdt

+
(

(3ku1(t), 3bu2(t), bu3(t)), 1(0,τ)(χ(L, t), η(L, t), Θ(L, t))
)

[L2(0,T )]3

+ ((3kwt (L, 0), 3bξt (L, 0), bst (L, 0), (χ(L, 0), η(L, 0), Θ(L, 0))))R3

for any τ ∈ [0, T ] and W τ ∈ H, with

W τ = (χτ
0 , χ

τ
1 , η

τ
0 , η

τ
1 , Θτ

0 , Θτ
1 , χ

τ
1 (L), η

τ
1 (L), Θτ

1 (L))⊤
,

George José Bautista Sánchez On the boundary controllability of laminated Timoshenko beams
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where ⟨·, ·⟩ is the duality bracket in H′ × H and
W = (χ, χt , η, ηt ,Θ,Θt , χt(L, t), ηt(L, t),Θt(L, t))⊤ is solution of the following
adjoint system

ρ1χtt − k (χx + η + Θ)x = 0, x ∈ (0, L), t ∈ (0, τ),
ρ2ηtt − bηxx + k (χx + η + Θ) = 0, x ∈ (0, L), t ∈ (0, τ),
ρ2Θtt − bΘxx + 3k (χx + η + Θ) + γΘ = 0, x ∈ (0, L), t ∈ (0, τ),
χ(0, t) = η(0, t) = Θ(0, t) = 0, t ∈ (0, τ)
χtt(L, t) + χx (L, t) + η(L, t) + Θ(L, t) = 0, t ∈ (0, τ),
ηtt(L, t) + Θx (L, t) = 0, t ∈ (0, τ),
Θtt(L, t) + Θx (L, t) = 0, t ∈ (0, τ),
(χ, η,Θ) (x , τ) = (χτ

0 , η
τ
0 ,Θτ

0 ), x ∈ (0, L),
(χt , ηt ,Θt) (x , τ) = (χτ

1 , η
τ
1 ,Θτ

1 ), x ∈ (0, L),
(χ, η,Θ) (L, τ) = (0, 0, 0).

(12)

George José Bautista Sánchez On the boundary controllability of laminated Timoshenko beams
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The next theorem establishes the existence and uniqueness of solutions for the system (4) in the
transposition sense.

Theorem 2.4

(Bautista, Capistrano–Filho and Límaco, submitted to ZAMM-Zeitschrift fur Angewandte
Mathematik und Mechanik)
Let T > 0, U0 ∈ D (A), (h1, h2, h3) ∈

(
L2

(
0, T ;

(
H1

∗(0, L)
)∗))3

and ui ∈ L2(0, T ), for
i = 1, 2, 3. Then, there exists a unique solution

U = (w , wt , ξ, ξt , s, st , wt (L), ξt (L), st (L))⊤ ∈ C([0, T ]; D (A)),

of system (10) which verifies (11).

Sketch of proof

Let us define a functional ∆ given by the right-hand side of (11). Note that ∆ is linear. Moreover,
it follows that

|∆
(

W τ
)

| ≤CT

(
∥V 1

0 ∥H + ∥(u1, u2, u3)∥[L2(0,T )]3 + ∥(h1, h2, h3)∥(L2(0,T ;(H1
∗(0,L))∗))3

+∥ (wt (L, 0), ξt (L, 0), st (L, 0)) ∥R3
)

∥W τ ∥H.

Hence, we obtain that ∆ ∈ L(D (A) ; R). Thus, from the Riesz representation theorem, we obtain
the existence and uniqueness of U ∈ D (A) satisfying (11). □
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Controllability characterization
In this section, we study some boundary controllability properties of the system (4).
We start with the following characterization of a control driving system (4) to zero.
This kind of result is already classic for dispersive systems (see, for instance, [1] and
[8]).

Lemma 3.1

(Bautista, Capistrano–Filho and Límaco, submitted to ZAMM-Zeitschrift fur
Angewandte Mathematik und Mechanik)
The initial data U0 ∈ H′ is controllable to zero in time T > 0 with controls ui ∈ L2(0, T ), for
i = 1, 2, 3, if and only if

−

〈


3ρ1w1
−3ρ1w0
3ρ2ξ1

−3ρ2ξ0
ρ2s1

−ρ2s0
−3kw(L, 0)
−3bξ(L, 0)
−bs(L, 0)

 ,



χ(0)
χt (0)
η(0)
ηt (0)
Θ(0)
Θt (0)

χt (L, 0)
ηt (L, 0)
Θt (L, 0)


〉

− ((3kwt (L, 0), 3bξt (L, 0)bst (L, 0), (χ(L, 0), η(L, 0), Θ(L, 0))))R3

= 3k

∫ T

0

u1(t)χ(L, t)dt + 3b

∫ T

0

u2(t)η(L, t)dt + b

∫ T

0

u3(t)Θ(L, t)dt.

(13)
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Here, ⟨·, ·⟩ is the duality of H′ × H and (χ, η,Θ) is any solution of the following
adjoint system

ρ1χtt − k (χx + η + Θ)x = 0, x ∈ (0, L), t > 0,
ρ2ηtt − bηxx + k (χx + η + Θ) = 0, x ∈ (0, L), t > 0,
ρ2Θtt − bΘxx + 3k (χx + η + Θ) + γΘ = 0, x ∈ (0, L), t > 0,
χ(0, t) = η(0, t) = Θ(0, t) = 0, t > 0,
χtt(L, t) + χx (L, t) + η(L, t) + Θ(L, t) = 0, t > 0,
ηtt(L, t) + Θx (L, t) = 0, t > 0,
Θtt(L, t) + Θx (L, t) = 0, t > 0,
(χ, η,Θ) (x ,T ) =

(
χτ

0 , η
τ
0 ,Θτ

0
)

(x), x ∈ (0, L),
(χt , ηt ,Θt) (x ,T ) =

(
χτ

1 , η
τ
1 ,Θτ

1
)

(x), x ∈ (0, L),

(14)

with (χτ
0 , χ

τ
1 , η

τ
0 , η

τ
1 ,Θτ

0 ,Θτ
1 , χ

τ
1 (L), ητ

1 (L),Θτ
1 (L))⊤ ∈ H.

George José Bautista Sánchez On the boundary controllability of laminated Timoshenko beams



Introduction
Global well-posedness

Controllability characterization
Observability inequality

Observability inequality

Since we are using the control duality theory of Dolecki and Russell [3] in the set-up of
Lions [7], relation (13) may be seen as an optimality condition for the critical points of
the functional J : H → R, given by

J (W0) =
1
2

∫ T

0

(
|χ(L, t)|2 dt + |η(L, t)|2 + |Θ(L, t)|2

)
dt + ⟨W0,U0⟩H×H′ ,

where W = (χ, χt , η, ηt ,Θ,Θt , χt(L, t), ηt(L, t),Θt(L, t))⊤ is solution of the adjoint
system (14).
With this in hand, our task is to prove the existence of a minimizer for J . It is well
known that the existence of a minimizer to the functional J follows from the following
observability inequality

∥W (0)∥2
H ≤ C

∫ T

0

(
|χ(L, t)|2 dt + |η(L, t)|2 + |Θ(L, t)|2

)
dt, (15)

for any
(χτ

0 , χ
τ
1 , η

τ
0 , η

τ
1 ,Θτ

0 ,Θτ
1 , χ

τ
1 (L), ητ

1 (L),Θτ
1 (L))⊤ ∈ D(A∗).

Here, W = (χ, χt , η, ηt ,Θ,Θt , χt(L, t), ηt(L, t),Θt(L, t))⊤ is solution of the adjoint
system (14).
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Now, our efforts are to prove that this inequality holds. Before proving the inequality
(15), let us prove intermediary inequalities related to the traces of the solutions of (6).
The first one can be read as follows.

Proposition 4.1

(Bautista, Capistrano–Filho and Límaco, submitted to ZAMM-Zeitschrift fur
Angewandte Mathematik und Mechanik)
Let U = (w ,wt , ξ, ξt , s, st ,wt(L, t), ξt(L, t), st(L, t))⊤ the solution of the system (6).
Then, for any T > 0 and s ∈ ( 1

2 , 1), there exist a positive constant C such that the
following estimate hold

∥U(t)∥2
H ≤C

∫ T

0

(
|wt(L, t)|2 dt + |ξt(L, t)|2 + |st(L, t)|2

)
dt

+ C∥(w , ξ, s)∥2
L∞(0,T ;[Hs (0,L)]3).

(16)

Sketch of proof

In order to obtain estimate (16), we multiply the first equation in (5) by 3xwx , the
second equation in (5) by 3xξx , the third one by xsx , integrate by parts on
(0, L) × (0,T ) and we have that
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1
2

∫ T

0

∥U(t)∥2
Hdt

=
1
2

∫ T

0

(
(3ρ1L + 3k)w2

t (L, t) + (3ρ2L + 3b)ξ2
t (L, t) + (ρ2L + b)s2

t (L, t)
)

dt

−

∫ L

0

[3ρ1xwt wx + 3ρ2xξt ξx + ρ2xst sx ]T0 dx +
bL
2

∫ T

0

(
3ξ

2
x (L, t) + s2

x (L, t)
)

dt

+ 3k

∫ L

0

∫ T

0

(wx + ξ + s) (ξ + s) dtdx +
3kL
2

∫ T

0

(wx (L, t) + ξ(L, t) + s(L, t)) wx (L, t)dt

−
3kL
2

∫ T

0

(wx (L, t) + ξ(L, t) + s(L, t)) (ξ(L, t) + s(L, t)) dt

−
γL
2

∫ T

0

s2(L, t)dt + γL

∫ L

0

∫ T

0

s2dtdx .

(17)
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On the other hand, using the Young inequality and from the Sobolev embedding, from
(17), we deduce that∫ T

0
∥U(t)∥2

Hdt ≤C
∫ T

0

(
w2

t (L, t) + ξ2
t (L, t) + s2

t (L, t)
)

dt

+ C∥(w , ξ, s)∥2
L∞(0,T ;[Hs (0,L)]3),

(18)

for any s ∈ ( 1
2 , 1). Finally, using (8) and the inequality (18), we infer the estimative

(16). This finishes the proof. □
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Let us now establish the second auxiliary inequality of this section.

Theorem 4.1

(Bautista, Capistrano–Filho and Límaco, submitted to ZAMM-Zeitschrift fur
Angewandte Mathematik und Mechanik)
Let U = (w ,wt , ξ, ξt , s, st ,wt(L, t), ξt(L, t), st(L, t))⊤ the solution of the system (6).
Then, there exists a positive constant C such that the following estimate holds

∥U0∥2
H ≤ C

∫ T

0

(
|wt(L, t)|2 dt + |ξt(L, t)|2 + |st(L, t)|2

)
dt. (19)

Sketch of proof

Let us argue by contradiction, following the so-called “compactness-uniqueness” argumenta.
Suppose that (19) does not hold. Thus, there exists a sequence {Un

0 }n∈N ∈ H, such that

∥Un(t)∥2
H = ∥Un

0 ∥2
H = 1, for all t ∈ [0, T ], (20)

and ∫ T

0

(∣∣wn
t (L, t)

∣∣2
dt +

∣∣ξ
n
t (L, t)

∣∣2
+

∣∣sn
t (L, t)

∣∣2
)

dt −→ 0, as n → ∞, (21)

aFor details of this argument see, for instance, [7, 14].
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Since H1(0, L) ↪→ Hs (0, L) ↪→ L2(0, L) and the embedding H1(0, L) ↪→ Hs (0, L) is compact, for
all s ∈ ( 1

2 , 1), from (16), (20) and classical compactness results [10, Corollary 4], we can extract a
subsequence of {(wn, ξn, sn)}n∈N, still denoted by {(wn, ξn, sn)}n∈N, such that {Un}n∈N is a
Cauchy sequence in L∞ (0, T ; H), and we deduce

Un −→ U strongly in L∞ (0, T ; H) ,

∥U(t)∥2
H = 1, for all t ∈ [0, T ], (22)

and

0 =

∫ T

0

(
|wt (L, t)|2 dt + |ξt (L, t)|2 + |st (L, t)|2

)
dt. (23)

Thus, we have that the limit U = (w , wt , ξ, ξt , s, st , wt (L, t), ξt (L, t), st (L, t))⊤ satisfies the
linear system

ρ1wtt − k (wx + ξ + s)x = 0, x ∈ (0, L), t ∈ (0, T ),
ρ2ξtt − bξxx + k (wx + ξ + s) = 0, x ∈ (0, L), t ∈ (0, T ),
ρ2stt − bsxx + 3k (wx + ξ + s) + γs = 0, x ∈ (0, L), t ∈ (0, T ),
w(0, t) = ξ(0, t) = s(0, t) = 0, t ∈ (0, T ),
wx (L, t) + ξ(L, t) + s(L, t) = 0, t ∈ (0, T ),
ξx (L, t) = 0, t ∈ (0, T ),
sx (L, t) = 0, t ∈ (0, T ).

(24)

Let (ŵ , ξ̂, ŝ) the extension by zero of (w , ξ, s), for x ∈ (−a, a) \ (0, L), where (0, L) ⊂ (−a, a) it
is an interval. Then, (ŵ , ξ̂, ŝ) solves, in D

′
((0, L) × (0, T )), the following system
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

ρ1ŵtt − k(ŵx + ξ̂ + ŝ)x = 0, x ∈ (0, L), t ∈ (0, T ),
ρ2ξ̂tt − bξ̂xx + k(ŵx + ξ̂ + ŝ) = 0, x ∈ (0, L), t ∈ (0, T ),
ρ2 ŝtt − bŝxx + 3k(ŵx + ξ̂ + ŝ) + γ ŝ = 0, x ∈ (0, L), t ∈ (0, T ),
ŵ(0, t) = ξ̂(0, t) = ŝ(0, t) = 0, t ∈ (0, T ),
ŵx (L, t) + ξ̂(L, t) + ŝ(L, t) = 0, t ∈ (0, T ),
ξ̂x (L, t) = 0, t ∈ (0, T ),
ŝx (L, t) = 0, t ∈ (0, T )
(ŵ , ξ̂, ŝ) = (0, 0, 0), x ∈ (−a, 0] ∪ [L, a), t ∈ (0, T ),

(25)

Then, by Holmgren’s uniqueness theorem,

(ŵ , ξ̂, ŝ) ≡ (0, 0, 0) in (−a, a) × (0, T ).

Hence, from (24) and (25), we have that U = (w , wt , ξ, ξt , s, st , wt (L, t), ξt (L, t), st (L, t))⊤

satisfies 
k (wx + ξ + s)x = 0, x ∈ (0, L), t ∈ (0, T ),
bξxx − k (wx + ξ + s) = 0, x ∈ (0, L), t ∈ (0, T ),
bsxx − 3k (wx + ξ + s) − γs = 0, x ∈ (0, L), t ∈ (0, T ),
w(0, t) = ξ(0, t) = s(0, t) = 0, t ∈ (0, T ),
wx (L, t) + ξ(L, t) + s(L, t) = 0, t ∈ (0, T ),
ξx (L, t) = 0, t ∈ (0, T ),
sx (L, t) = 0, t ∈ (0, T ).

(26)

Thanks to the uniqueness of the solution to the previous system established by Lemma 2.1, the
only solution to (26) is U = 0. However, this contradicts (22). Therefore, (19) must hold, which
completes the proof of the Theorem. □
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We are now in a position to prove the observability inequality.

Theorem 4.2

(Bautista, Capistrano–Filho and Límaco, submitted to ZAMM-Zeitschrift fur Angewandte
Mathematik und Mechanik)
For any U0 ∈ H, let U = (w , wt , ξ, ξt , s, st , wt (L, t), ξt (L, t), st (L, t))⊤ the solution of the
system (6). Then, there exists a positive constant C such that the following estimate holds

∥U0∥2
H ≤ C

∫ T

0

(
|w(L, t)|2 dt + |ξ(L, t)|2 + |s(L, t)|2

)
dt. (27)

Sketch of proof

In order to proof the inequality (27), we consider the problem{
Ũt = AŨ
Ũ(0) = Ũ0,

(28)

where Ũ0 = A−1U0. It is important to point out that the existence of A−1 is guaranteed by
Lemma 2.1. Thus, from Theorem 4.1, the solution

Ũ = (w̃ , w̃t , ξ̃, ξ̃t , s̃, s̃t , w̃t (L, t), ξ̃t (L, t), s̃t (L, t))⊤

of the system (28) satisfies

∥Ũ0∥2
H ≤ C

∫ T

0

(
|w̃t (L, t)|2 dt +

∣∣ξ̃t (L, t)
∣∣2

+ |s̃t (L, t)|2
)

dt, (29)

for some constant C > 0.George José Bautista Sánchez On the boundary controllability of laminated Timoshenko beams
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On the other hand, it is straightforward to see that Ũt = U. Then, we have that

(w̃t , ξ̃t , s̃t) = (w , ξ, s). (30)

Finally, from (29), (30) and by Riesz representation theorem, we deduce the estimate
(27). □

Due to the previous proposition, the following consequence holds.

Corollary 4.1

(Bautista, Capistrano–Filho and Límaco, submitted to ZAMM-Zeitschrift fur
Angewandte Mathematik und Mechanik)
Let W = (χ, χt ,Θ,Θt , η, ηt , χt(L, t), ηt(L, t),Θt(L, t))⊤ is solution of the adjoint
system (14). Then, there exists a constant C > 0, such that the following
observability inequality holds

∥W (0)∥2
H ≤ C

∫ T

0

(
|χ(L, t)|2 dt + |η(L, t)|2 + |Θ(L, t)|2

)
dt. (31)

As a direct consequence of the observability inequality established in Corollary 4.1,
combined with the HUM method from control theory, we obtain the controllability of
the laminated system with Ventcel boundary conditions.
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Theorem 4.3

(Bautista, Capistrano–Filho and Límaco, submitted to ZAMM-Zeitschrift fur
Angewandte Mathematik und Mechanik)
Let a time T > 0 and given

(w0,w1, ξ0, ξ1, s0, s1, ,w1(L), ξ1(L), s1(L))⊤ ∈ D (A) ,

one can always find a control inputs ui ∈ L2(0,T ), i = 1, 2, 3, such that (4) admits a
unique solution

U = (w ,wt , ξ, ξt , s, st ,wt(L), ξt(L), st(L))⊤ ∈ C([0,T ]; D (A))

satisfying

(w(T ),wt(T ), ξ(T ), ξt(T ), s(T ), st(T ),wt(L,T ), ξt(L,T ), st(L,T )) = −→0

Moreover, there exists a constant C > 0 such that

∥(u1, u2, u3)∥[L2(0,T )]3 ≤ C∥ (w0,w1, ξ0, ξ1, s0, s1, ,w1(L), ξ1(L), s1(L))⊤ ∥H.
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Proof

In fact, let us consider the homogeneous system (6) with initial data U0 ∈ H′, and let
U be its corresponding solution. To evaluate this initial state in terms of boundary
observables, we introduce the functional J : H → R, given by

J (W0) =
1
2

∫ T

0

(
|χ(L, t)|2 dt + |η(L, t)|2 + |Θ(L, t)|2

)
dt + ⟨W0,U0⟩H×H′ ,

where W = (χ, χt , η, ηt ,Θ,Θt , χt(L, t), ηt(L, t),Θt(L, t))⊤ is solution of the adjoint
system.
Note that J is continuous and convex. Moreover, the coercivity of functional J
follows immediately from the observability inequality (31). Thus, thanks to [2,
Corollary 3.23], we have that J has a minimizer. Since J is strictly convex, it follows
that the minimizer is unique. From these facts, defining u1 = χ(L, t), u2 = η(L, t) and
u3 = Θ(L, t) the null controllability holds true.
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Further comments

The main challenge stems from the need to control a system of three beam equations
using three boundary inputs. As this is the first study tackling this specific problem,
our results pave the way for further investigations in both the control and stabilization
of such systems. Let us point out some of them.

Less controls: A natural question arising from our analysis is whether it is possible
to reduce the number of boundary controls. We believe that our current approach
is optimal in the sense that it achieves controllability of the three equations using
three boundary inputs. Nonetheless, we conjecture that, by applying Carleman
estimates to the linear operator defined in (7), it may be feasible to eliminate one
of the boundary controls. However, this remains an open problem at present.
Rapid stabilization: It is well known in control theory that

observability ⇐⇒ controllability and observability =⇒ rapid stabilizability

We believe that an application of an Ingham-type theorem (cf. [5]) to the system
(4) could lead to a sharper observability inequality, which in turn would support
the derivation of faster stabilization results. This remains another important issue
to be explored.
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